New explicit exponential stability conditions are obtained for the nonautonomous linear equatioṅ
Introduction
In this paper we continue the study of stability properties of differential equations with variable delays and coefficients which was begun in [1] [2] [3] [4] [5] .
Here we consider the equation with one delaẏ
x(t) + a(t)x(h(t))
where h(t) ≤ t and a(t) is an oscillating function. Equations with oscillating coefficients appear in linearizations of Population Dynamics models with seasonal fluctuations, where during some seasons the death or harvesting rates may be greater than the birth rate. Some of such models will be considered in this paper. There are many interesting and important results for linear scalar equations with several delays, where the sum of the coefficients is a nonnegative function (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] and references therein).
We know only one paper [10] where Eq. (1) with an oscillating coefficient was considered. However, in [10] it was assumed that for some positive number p > 0
This condition in particular does not hold for periodic coefficients a(t). We apply another condition, which uses a variation of some nonmonotone function. This condition is suitable for oscillating periodic, almost periodic and asymptotically periodic coefficients. Our method is based on the Bohl-Perron theorem, see Lemma 1 below.
All results of the present paper are obtained under the assumption that the coefficient and the delay in (1) are measurable and solutions are absolutely continuous functions.
Preliminaries
We consider scalar linear equation (1) and for each t 0 ≥ 0 the initial value probleṁ
with the initial function and the initial value
under the following conditions: (a1) a(t), f (t) are Lebesgue measurable essentially bounded functions on [0, ∞);
Definition. A locally absolutely continuous function x : R → R is called a solution of problem (2) and (3) if it satisfies Eq. (2) for almost all t ∈ [t 0 , ∞) and equalities (3) for t ≤ t 0 .
Definition. Eq. (1) is (uniformly) exponentially stable, if there exist K > 0 and λ > 0, such that any solution of (1) and (3) has the estimate
where K , λ do not depend on t 0 .
Let us introduce some functional spaces on a halfline [11] . Denote by L ∞ [t 0 , ∞) the space of all measurable essentially bounded functions on [t 0 , ∞) with the essential supremum norm The following lemma is a Bohl-Perron type theorem.
Lemma 1 ([12,13]). Suppose there exists t
Further we will use the notion of variation Var a≤t≤b g(t) of a scalar function g(t) on the interval [a, b] and its properties; see, for example, [14] .
Lemma 2 ([14]).
( 
Without loss of generality we can assume u = 0.
In order to apply Lemma 1, we rewrite Eq. (5) in the forṁ
After substitutingẋ from (5) we obtaiṅ
,
We have
where
The last equation can be rewritten as
Eq. (7) has the form
where for operator H we have the estimate
Var 0≤s≤t e Hence for the solution of (8) we have 
It is well known that 1.5 is the best possible constant on the right-hand side of (10) which implies exponential stability of (1) for a(t) > 0. We propose the conjecture that the constant 1 in Theorem 1 and its corollary can be replaced by 1.5 which is the best possible constant.
Let us discuss some applications of Eq. 
(t)(1 − N(h(t))/K ) defines the dependence on the available resources t − h(t) time units before, while d(t)(N(h(t))
/M − 1) describes a positive impact of higher population size on survival due to the group defense of the offspring from predators. For simplicity assuming M = K , we obtain the equatioṅ
which after the substitution N(t) = K (1 + x(t)) becomeṡ
its linearized form is (1)
, with a(t) = r(t) − d(t).
Second, let us consider the model with saturation growth (which may correspond to the Type II Holling functional response of a predator population, when the prey population is constant) and a delayed harvesting terṁ
where t − h(t) is a maturation delay, t − g(t) is the delay between the time when the population size is reported (and thus hunting licenses are issued) and the harvesting process. Assuming g(t) = h(t) and linearizing (13), we obtain (1) with a(t) = d(t) − r(t). In both models (11) and (13) (11) this can mean that the importance of available resources can prevail during some seasons, while the possibility of the group defense can be crucial for the other time periods. Function a(t) can be smoothly oscillating about its expectancy value (Example 1) or switch between two values, one of them is positive and the other is negative (Example 2).
Example 1.
Consider the equatioṅ
where a > 0, 0 < b < 1. Condition (9) 
then Eq. (14) is exponentially stable. In Example 1 the coefficient a(t) was a periodic continuous function. In the next example we consider an equation with a periodic discontinuous function. In this case, may be more suitable, apply condition (6) then (9). Example 2. Consider the equatioṅ
(17)
Here 0 < τ ≤ 1, α > β > 0, n = 0, 1, 2, . . .. 
